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All finite groups G = AB, where A and B are subgroups, A is simple 
non-abelian, B z A, , and the outer automorphism group O(A) 3 A, , will 
be found. The result is a generalization of a theorem of Kegel and 
Liineberg [7] with A = A,, and a continuation of Hanes, Olson, and 
Scott [6]. 
Notation and terminology are standard, except perhaps for the following 
items. All groups will be finite. A simple group will mean a simple non- 
abelian group. A uniprimitive group is a primitive permutation group which 
is not 2-transitive. If G is a transitive permutation group, G, will denote the 
subgroup fixing the letter a. If G is a group, Q!(G), Y(G), and O(G) will 
denote the automorphism group, inner automorphism group, and outer 
automorphism group, respectively, and n,(G) the number of Sylow p- 
subgroups. 2, will mean the cyclic group of order 11, and .&,a, for example, 
will mean the direct product of k copies of 2, . If H is a subgroup of G, then 
the core Ho of His the maximum normal subgroup of G contained in H. 
1. BACKGROUND THEOREMS 
The following theorems will be used in the proof of the main theorem. 
THEOREM 1. [4]. If H is an Abelian normal subgroup of G, then the 
following properties are equivalent: 
(i) H has a complement in G, 
(ii) H n G, has a complement in G, for each Sylow subgroup G, . 
THEOREM 2. [ll], [lo]. The Schur multiphkr M(A,) = 2, for n > 8. 
THEOREM 3. (Due to Griess (see [5, p. 3641)). If G is $nite, 2 7 1 G/G’ 1, 
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T is a permutation representation of G, x is an involution, and XT moves 
n E 4 (mod 8) letters, then 2 1 1 M(G)], and x lifts to an element of order 4 in 
some representation group of G. 
THEOREM 4. [7]. I f  G = AB, A z B g A, , then one of the following 
occurs : 
(i) G = A, , 
(ii) G = A, , 
(iii) G s A x B. 
THEOREM 5. [6]. I f  G = AB, A and B are simple subgroups, 1 A, 1 = 4, 
and 1 B, 1 = 4 or 8, then one of the following is true: 
(i) G = A or B, 
(ii) G g A x B, 
(iii) G=A,,ArBeAA,, 
(iv) G E A, , A s A,, B z L,(7). 
THEOREM 6. [ 121. Let G be a simple primitive group of degree n < 20. 
Then one of the following occurs: 
(i) n = 5, G = A, , 
(ii) n = 6, G = A, or A,, 
(iii) n = 7, G = A, or L,(7), 
(iv) n = 8, G = A, or L,(7), 
(v) n = 9, G = A, or L,(8), 
(vi) n = 10, G = A,, , A,, or A,, 
(vii) n=ll,G=A,,,M,,,orL,(ll), 
(viii) n = 12, G = A,, , &I,,, MII, orL,(ll), 
(ix) n = 13, G = A,, orL,(3), 
(x) n = 14, G = A,, or L,(13), 
(xi) n = 15, G = A,, , A, , A, , or A, , 
(xii) n = 16, G = A,, , 
(xiii) n = 17, G = A,, or L,(16), 
(xiv) n = 18, G = A,, orL,(17), 
(xv) n = 19, G = A,, , 
(xvi) n = 20, G = A,, or L,(19). 
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THEOREM 7. [l]. I f  G is nonsolvable and transitive of degree 29, then 
G = S,, or A,, . 
THEOREM 8. [9]. If G is nonsolvable and transitive of degree 59, then 
G = S,, or A,, . 
THEOREM 9. [13; Theorems 17.4, 17.5, and 18.71. Let G be an uniprimitive 
group which is not regular of prime degree, and let G, have orbits of lengths 
n1 = 1, n2 ,... , nk , with n2 < n3 < **. < nK . Then 
(9 n,>L 
(ii) If n2 = 2, then G has a regular normal subgroup of index 2, 
(iii) (nr, nk) > 1 forj # 1. 
THEOREM 10. [8] + [2]. Let G be uniprimitive. 
(i) If G, has a 2-transitive orbit P of degree v > 2, then G, has an 
orbit of degree w > v, w = v(v - 1)/k. 
(ii) If G, is 4-transitive on P and v > 4, then k = 1 or 2 in (i). 
(iii) If G, is alternating or symmetric on P and k = 2, then G is an 
extension of Ziml by A, or S, . 
2. THE RESULT 
THEOREM. If G = AB, A is a $nite simple non-abelian subgroup, B is a 
subgroup isomorphic to A, , and O(A) 2 A, , then one of the following holds: 
(1) A3 B, G = A. 
(2) GcAxB. 
(3) G = A,, , A = A,,-, , n = 6, 10, 12, 15, 20, 30, or 60. 
(4) G = A,, A = L,(7). 
(5) G = Ml, , A = &I,, . 
Proof. Induct on 1 G /. 
Case 1. G is not simple. 
Let N Q G, 1 # N # G, and deny the theorem. 
(i) N n A = 1. Suppose not. Then N 3 A, hence N = A(N n B) 
andNnBdB.ThereforeNnB=landN=A.NowNxC(N)aG, 
SO [N x C(N)] n B = 1 or B. In the latter case, G = N x C(N), and C(N) E 
G/N=G/AzB since 1 =NnB=AnB. Thus G=NxC(N)r 
168 W. R. SCOTT 
A x B in this case, and (2) holds. In the other case, [N x C(N)] n B = 1, 
SO that C(N) = 1. Thus B C @A). If  b E B# and a E A+ induce the same 
aut_omorphism of A, then 1 # k-i E C(A), a contradiction. Therefore 
B C O(A), contrary to hypothesis. 
(ii) N is solvable. We have 1 N / = [AN : A] 1 [G : A] 1 1 B / = 60. 
Therefore if N is not solvable, then N = A,. Since C(N) Q G and C(N) # G, 
by (i) C(N) n A = 1. Thus A C a(N). Since 3(N) 4 a(N), either A e 9(N) 
or A C U(N) = 2, . The latter case is impossible, and A 59(N) E A, . 
Therefore A g A, , and the theorem holds by Theorem 4. 
(iii) Let M be a minimal normal subgroup of G contained in N. 
Then 1 M 1 = 2. 
Since N is solvable of order dividing 60, I M I = 2, 3, 4, or 5 and 
1 a(M)/ = 1,2,6, or 4, respectively. Thus C(M) n A # 1. By(i), C(M) = G, 
so that MC Z(G). Therefore j M I = 2, 3, or 5. I f  I M I = p = 3 or 5, then 
G, = APB, 1 M. It follows readily that G, = A, x M. By Gaschiitz’s 
theorem (Theorem l), G = HM, H n M = 1, so that G = H x M. But 
then H Q G, H n A # 1, and (i) fails for H. 
(iv) M = N = 2, . Suppose that M < N. If  5 1 1 N /, then 
n,(N) > 1 (else N5 Q G contrary to (iii)), ns(N) = 6, and there are 
24 elements of order 5 and 24 of order 10 in N. Therefore / N I = 60, 
elements of order 3 and 5 do not commute, and na(N) = 10. This leads to 
20 elements of order 3 in N, a contradiction. Therefore 5 r I N j. I f  3 1 I N I, 
then 1 N 1 = 6 or 12. In either case, since MC C,(N,), N3 c~ N, hence 
Ns Q G, contrary to (iii). Hence 1 N 1 = 4. An easy order argument shows 
that G, = A,N, A, n N = 1. By Gaschiitz’s theorem again, G = NH, 
N n H = 1. Since [G : K] = 4, [G : HG] < 24. Therefore H, is a proper 
normal subgroup of G intersecting A nontrivially, a contradiction. 
(v) Conclusion of Case 1. We have G/N is simple, N = 2, C Z(G), 
and N n A = N n B = 1. Hence G/N = (AN/N)(BN/N) = A,B, with 
A, g A, B, g B. By induction, one of (l), (2), (3), (4), (5) holds for G/N. 
If  (1) holds, then G = AN = A x N, and A 4 G, contrary to (i) applied 
toAinsteadofN.If(2)holds,thenjG/Ni =lAllBI,IGI =2IAIJBj, 
a contradiction. Thus G/N = Ml2 or A, for various n. 
NOWIG/ =IAlIBI/lAnBI =2lAIIBI/IA,nB,I,so/A,nB,I= 
2 I A n B I. I f  G/N = Ml,, A,, , A,, , or A,, , then by (3) and (5), 
1 A, n B, / = 5, 5, 3, or 1, respectively, a contradiction. Hence G/N = A, , 
A,, Alo, A,,, or Aso, and As 4 = 4, L,(7), 4, 4, or &, 
respectively. 
By the Kegel-Ltineberg theorem (Theorem 4), the case A = A,, 
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G/N = A, cannot occur. By Theorem 5, the case A = L,(7), G/N = A, 
cannot occur. 
In each of the remaining cases by Theorem 2, M(G/N) = Z, . Since G is 
not of the form N x H by (i) applied to H, G is a representation group of 
G/N. If u: G -+ G/N is the natural homomorphism, then o(A) = A, . In 
the natural permutation representation of G/N as A,, , A,, , or A,, , A, is the 
subgroup fixing one letter. Hence there is an x E A, of the form x = 22. By 
Griess’ lemma (Theorem 3), x lifts to an element of order 4 in AN = A x N, 
hence also in A. Since u preserves order on A, this is a contradiction. 
Case 2. G is simple. 
Let M 1 A be a maximal subgroup. Then G is faithfully represented on M 
by a primitive permutation group of degree n dividing 60. Now use Theorem 6 
freely. 
If 1z = 5, then G = A, and (1) holds. 
If n = 6, then G = A, or A, , and, since 1 A 1 1 1 G 1, (1) or (3) holds. 
If n = 10, then G = A,, A,, or A,, . The first two possibilities are 
handled as before. If G = A,, , thenM = A,,and[M: A] < 6,soA = A, 
also. 
Let n = 12. Then G = A,, , M,, , Ml, , or L,(ll). If G = A,, , then 
M = A,, , [M : A] < 5, so A = A,, . If G = M,, , then M = Ml,, 
[M : A] < 5, and A = Ml,. If G =L,(ll), then 1 M 1 = 55, and A is 
solvable, a contradiction. Finally, let G = Ml, . Then M = L,(l I), 
[M : A] < 5, so that A = M = L,(ll). By [3, p. 2351, the transitive 
subgroup B must be contained in M,, , which is represented as an imprimitive 
group with 2 blocks of length 6. But if K is the subgroup of index 2 in M,, 
fixing each block globally, then K Q Ml, , and therefore B C K. But then B 
is not transitive, a contradiction. 
Let n = 15. Then G = A, , A,, A,, or A,, . The case G = A, is handled 
as before. If G = A,, then I M 1 = 168, so A = L,(7), and (4) holds. If 
G = A,, then 1 M I = 1344, [M : A] < 4, and there are no simple groups 
of order I A I. If G = A,, , then M = A,, , [M : A] < 4, and therefore 
A = A,, . 
Let n = 20. Then G = A,, or L,(19). If G = A,, , then M = A,, , 
[M : A] < 3, and A = A,, . If G = L&9), then j M I = 9 * 19, and A is 
solvable, a contradiction. 
Let n = 30. If M is transitive of degree 29, then by Theorem 7, M = S,, 
or A,, . Since [M : A] = 1 or 2, A = A,, . Since G is simple of order 
30 1 M I and of degree 30, G = A,, . Now suppose that M is not transitive. 
Then it has orbits of lengths 1, n2 ,..., nk , k > 3, with 11s < n3 < .a- < nk 
and C ni = 29. By Theorem 9, each ni > 2. Since [M : A] = 1 or 2, this 
implies that A is nontrivial on each orbit of M, hence A is faithful on each 
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orbit of M. By Theorem 5, it may be assumed that A # A,, A, , A, , or 
L,(q) for 4 = 7, 8, 11, 13, or 19. Hence by Theorem 6, each ni > 8. The 
only orbit pattern satisfying these requirements and Theorem 9(iii) is 
(8,9, 12). By Theorem 6 and the above remarks, A = A,. By Theorem 10, 
there is an orbit of length 56, a contradiction. 
Let m = 60. Then M = A, and A n B = 1. If A is transitive of degree 59, 
then by Theorem 8, A = A,, , G = A,, . Suppose that A is not transitive. 
Then, as in the previous case, A has orbits of lengths 1, ns ,..., nk , where 
ny > 8, and C ni = 59. If ns = 8, 9, 10, 14, 16, or 19, then by Theorems 6 
and 5, A = An2. Hence by Theorem 10 there is an nk > 56, an impossibility. 
If n2 = 11, then A = A,, or Ml, , hence is 4-transitive on the orbit of 
length 11. By Theorem 10, there is an orbit of length > 11 * 10/2 = 55, 
an impossibility. 
If n, = 12, then A = A,, , M,, , or n/r,, , and is therefore 2-transitive. 
Since A has no permutation representation of degree < 11, from Theorem 6 
it follows readily that no ni satisfies 13 < ni < 20. By Theorem 10, some 
ni = 22, 33, or 44. Using Theorem 9, it quickly follows that there are no 
viable possibilities. 
Suppose that n2 = 13. The numerical conditions then force the orbit 
pattern to be (13,20,26). Since A = A,, or L,(3) has no permutation 
representations of degree < 13, the constituent of degree 20 is primitive, 
hence by Theorem 6 not isomorphic to A, a contradiction. 
Thus na 3 15, K < 4. Since 59 is a prime, Theorem 9(iii) implies that 
K = 4. A bit of experimentation shows that the only remaining possibilities 
are (15,20,24) and (18, 20,21). In the first case A = A,, or A,. Since 
neither of these groups has a primitive representation of any degree dividing 
20, this is a contradiction. A similar argument applies to the other possibility. 
We remark that each of the factorizations given in the theorem actually 
exists. 
The author wishes to thank Gary Walls for pointing out Ref. [l], and 
particularly Theorem 7 to him. 
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